We study the cosmic history of the scalaron in F (R) gravity with constructing the time evolution of the cosmic environment and discuss the chameleonic dark matter based on the chameleon mechanism in the early and current Universe. We then find that the scalaron can be a dark matter. We also propose an interesting possibility that the F (R) gravity can address the coincidence problem.
I. INTRODUCTION A. Motivation for the F (R) gravity
Modified gravity theories have been investigated as a gravitational theory beyond the general relativity. The necessity of such theories are motivated by many topics; the modified gravity theory can be regarded as an effective theory and modeling of quantum gravity at an ultraviolet scale, while it would be responsible for the late-time cosmic acceleration at an infrared scale. Although the general relativity is very simple and unique, so many modified gravity theories have been proposed, which include a lot of possible ways to extend the general relativity: to introduce the new terms, new field, or the new principle.
F (R) gravity is one way of simplest extensions of the general relativity among the other modified gravity theories; the gravitational action is replaced by the function of Ricci scalar, instead of the Einstein-Hilbert action. One can show that the F (R) gravity can be, through the mathematical procedure, written as the general relativity with an additional scalar field whose potential energy could cause the accelerated expansion of the Universe. Thus, F (R) gravity potentially brings us the solution to the two phenomena: the inflation and dark energy. The famous model of F (R) gravity for the inflation, the cosmic acceleration at the very early Universe, is called the R 2 inflation [1] which includes R 2 correction to the Einstein-Hilbert action. This model predicts the slow-roll and large field inflation, which is consistent with recent observational data. The F (R) gravity models for the dark energy has also been proposed (for a recent review, see [2] ), and they can explain the late-time cosmic acceleration instead of the general relativity with a cosmological constant. In these models, the dark energy is not explained by the constant vacuum energy, but the energy of dynamical scalar field.
B. Scalar field as dark matter?
As we have discussed in the previous subsection, the scalar field plays an important role in the F (R) gravity. Hereafter, we call this scalar field as scalaron to distinguish it from the other scalar fields which are induced from the theories beyond the standard model of particle physics. It is significant to note that the scalaron field is not related to the extension of the standard model, but derived from the modification of gravitational theory. Then, the problem is how to assign the role of physics to the scalaron. For example, the scalaron is identified as an inflaton in the F (R) model for the inflation. In the F (R) model for the dark energy, the scalaron is regarded as a dynamical dark energy.
In our previous work [3] , we proposed the scenario in which the scalaron can be a new dark matter candidate. Similar topics had been researched in many literatures [4] [5] [6] [7] . We postulated that the fluctuation of the scalaron field around the potential minimum can be regarded as dark matter, just like in the case of the axion field, while the potential energy explains the dark energy with a usual manner in the viable F (R) gravity for the dark energy. This new dark matter candidate has a particular property, known as the chameleon mechanism; the scalaron mass depends on the environment surrounding the scalaron field.
We investigated the couplings between the scalaron and the standard model particles and estimated the lifetime of the scalaron. We then placed the limit on parameters in the Starobinsky model of F (R) gravity and discussed the validity of the scenario in which the scalaron can be the dark matter candidate. We found that the scalaron mass becomes too large, and then, the parameter in the Starobinsky model is tightly constrained. We finally found that such a parameter region is not relevant to the dark energy problem.
In this paper, we reconsider and refine our previous proposal with developed evaluation in the different F (R) gravity model. And we study again if the scalaron can be a dark matter candidate with an identification that the oscillation of the scalaron gives us a particle picture. We study the cosmic history of the scalaron with constructing the time evolution of the cosmic environment, and discuss the chameleonic dark matter based on the chameleon mechanism in the early and current Universe.
II. F (R) GRAVITY AND SCALARON

A. Action and Weyl transformation
We begin with the action of generic F (R) gravity:
where F (R) is a function of the Ricci scalar R and κ
. L Matter denotes the Lagrangian for a matter field Φ.
The variation with respect to the metric g µν leads to the equation of motion:
Here, F R (R) means the derivative of F (R) with respect to R, F R (R) = ∂ R F (R), and the energy-momentum tensor T µν is given by
Note that the conservation of the energy-momentum tensor ∇ µ T µν = 0 is guaranteed by the generalized Bianchi identity. Furthermore, taking the trace of the equation of motion (2), we have
where we have momentarily used short-hand notations for the Ricci scalar as R = R µ µ and for the trace of the energy-momentum tensor as T = T µ µ . Note that Eq. (4) explicitly shows the deviation from the general relativity. Eq. (4) also shows that the Ricci scalar R becomes dynamical to be present as a new scalar degree of freedom in the F (R) gravity: in the general relativity where F (R) = R, Eq. (4) just leads to the trivial solution R = −κ 2 T . Note also that if the equation of motion has a solution that R µν = Λg µν , or R = 4Λ, we obtain
In the case of the positive Λ, we have the de Sitter solution in the F (R) gravity.
We can look into the dynamics of the new scalar field via the Weyl transformation.
It is known that the F (R) gravity is equivalent to the scalar-tensor theory via the Weyl transformation of the metric, which is the frame transformation from the Jordan frame g µν to the Einstein frameg µν :
Under the Weyl transformation, the original action Eq. (1) is transformed as follows:
The ϕ is the scalaron field and its potential part reads
Note that through the Weyl transformation in Eq. (6), the Ricci scalar R is given as a function of the scalaron field ϕ, like R = R(ϕ).
By the variation of the action in Eq. (7) with respect to the Einstein frame metricg µν , we obtaiñ
where the energy-momentum tensor in the Einstein frame (T µν ) is related to that in the Jordan frame (T µν ) as follows:
The variation with respect to the scalaron field ϕ gives us the equation of motion for the scalaron field,
Noting
we rewrite Eq. (11) as˜
We should note that Eq. (13) in the Einstein frame corresponds to Eq. (4) in the Jordan frame. It is also remarkable that the effective potential of the scalaron includes the trace of energy-momentum tensor T µ µ . In other words, the matter distributions affect the potential structure of the scalaron; thus, the scalaron mass depends on the matter contribution. This feature is related to so-called chameleon mechanism, which we will see later in detail.
B. Effective potential of scalaron
In this subsection, we discuss the minimum of the scalaron effective potential and the scalaron mass with the matter effect T µ µ . The first derivative of the scalaron effective potential is evaluated as
The minimum of the potential at ϕ = ϕ min should satisfy
Through the Weyl transformation e 2 √ 1/6κϕ min = F R (R min ), the ϕ min is determined as
Note that Eq. (17) gives the same form as in Eq. (5), and hence the equation of motion in the Jordan frame certainly corresponds to that in the Einstein frame.
Next, we evaluate the scalaron mass m ϕ . The (square of) scalaron mass is defined as the value of the second derivative of the effective potential at the minimum. The second derivative of the effective potential is evaluated as follows:
Substituting Eq. (17) into Eq, (18), we obtain
Note that since the ϕ min or R min is determined by Eq. (17), the scalaron mass changes according to the trace of the energy-momentum tensor T µ µ .
C. Chameleon mechanism
In the previous subsections, we have explicitly seen that the effective potential and the mass of the scalaron depend on the matter contribution in T µ µ . In this subsection, we discuss the effect of the matter distribution to the scalaron mass. As an example, we consider the Starobinsky model for the late-time acceleration [8] ,
The R c is taken to be a typical energy scale, where the gravitational action deviates from the Einstein-Hilbert action, and one expects that R c ∼ H Because the curvature R should be on the same order as the energy-momentum tensor κ 2 T µ µ , and larger than the dark energy scale R c when we consider the higher density of matter than the dark energy density. Therefore, we work in the large curvature limit R > R c . In the large curvature limit, one can approximate Eq. (20) as
(Here one could identify the βR c as the cosmological constant, effectively.) Then, the minimum of the potential is determined as (see Eq. (17))
In the large curvature limit R > R c , one finds
We also assume that the matter contribution is approximately expressed as the pressure-less dust, T µ µ = −ρ, where ρ is the matter energy density. Then, the scalaron mass in Eq. (19) is evaluated in the large curvature limit as
We find that the scalaron mass is given by the monotonically increasing function of the energy density ρ, and thus, the scalaron becomes heavy in the high-density region of matter, for example, in the Solar System although it becomes light in the low-density region, for instance, inter-galactic region. This feature is called the chameleon mechanism which is one of the screening mechanism in the modified gravity [9] . Thanks for the chameleon mechanism, the scalaron field is screened around the Solar System, which makes the F (R) gravity relevant to the observations. On the other hand, in the low energy density environment, that is, on the cosmological scale, the scalaron field becomes dynamical.
D. Interactions with standard-model particles
In the previous section, we have seen how the chameleon mechanism works in the F (R)
gravity. Here, we discuss the couplings between the scalaron and matters in detail. First, we recall the matter Lagrangian in the action of Eq. (7), which is given by
One can find that the scalaron interacts with the matters through the dilatonic couplings.
In this subsection, we just summarize the scalaron couplings to the standard model particles derived in the previous work by the authors [3] .
We consider the fluctuation around the minimum of the potential at ϕ min
We hereafter assume that the fluctuation ϕ gives the particle picture of the scalaron. The exponential form of the scalaron field appearing in Eq. (25) is then expanded around the minimum as well:
where Q is an arbitrary constant. Then the scalaron couplings to matter fields in Eq. (25) 
Thus the large curvature limit R c < R corresponds to the small background situation |κϕ| 1. In the large curvature limit, one can then expand the exponential form of the scalaron field as
Substituting the expansion form in Eq. (29) into the matter Lagrangian in Eq. (25), we can obtain the couplings between the scalaron and matter fields. Below we just list the results obtained in the previous work [3] for each species of particles:
• For massless vector field V =A(photon) and G(gluon)
where F µν (A) = ∂ µ A ν − ∂ ν A µ with the electromagnetic coupling g A = e and F µν (G) denotes the gluon field strength for V = G with the QCD coupling g G = g s .
• For massive vector field (weak bosons) with the mass m V L = 2κϕ
• For massive fermion field (quarks and leptons) with the mass m F
where the fermion field ψ is redefined as ψ → ψ = e
E. Limit on scalaron mass
Given the couplings between the scalaron and the standard model particles which we have listed in the previous section, one can calculate the decay processes of the scalaron to the standard model particle pair. In the previous work [3] , we evaluated the decay width and the lifetime of the scalaron, assuming that the scalaron is surrounded by the perfect fluid composed of the elementary particles, which would be realized in the early Universe before the QCD phase transition after the electroweak phase transition. By considering all decay processes to the standard model particles, we obtained the limit on the scalaron mass m ϕ < 0.23 [GeV] . However, this estimation was not sufficient because the mass of scalaron should change according to the time-evolution of environment due to the chameleon mechanism.
In this subsection, we refine our result of the limit on the scalaron mass with taking into account the cosmic history. In the evaluation of the limit on the scalaron mass in [3] , we assumed that the lifetime of the scalaron should be longer than the age of Universe. This argument is reasonable, except the environment assumed in the previous work [3] keeps only in very short time. The decay processes to the massless particle pair would continue until the late time because the scalaron mass becomes small due to decreasing of the averaged energy scalaron mass:
Our new result is comparable to the previous one. Therefore, we can conclude that the scalaron mass at present should be smaller than or order of 1 [GeV] .
III. CHAMELEONIC DARK MATTER A. Scalaron in other model
In the last part of the previous section, we discussed the upper bound for the scalaron mass derived from the constraint on the lifetime. In the previous work [3] , we found that the parameter β in the Starobinsky model with n = 1 should be extremely small β O(1).
It is irrelevant to the solution to the dark energy problem β > O(1), which is also true for the presently refined result for the scalaron mass in Eq. (33). This is because the scalaron becomes too heavy due to the chameleon mechanism; Eq. (24) tells us that the scalaron mass is not upper-bounded and can be heavier than the Planck mass if we consider a certain value of the energy density for matters. Thus, the chameleon mechanism itself matters although it is the essential key in this scenario.
In this section, we re-establish our scenario to change the model of F (R) gravity. We will see that the extremely large scalaron mass is just an artifact in the Starobinsky model, which is possibly interpreted as a consequence of the singularity problem in the F (R) gravity. It has been suggested that one of the solutions to the singularity problem is to add the higher curvature term correction. Then, we will consider the Starobinsky model with a correction of R 2 term and see that the scalaron mass can be lowered and controlled by the coefficients of R 2 term. Here, we note that the R 2 term does not necessarily play the role of the R 2 inflation.
B. Singularity problem
To understand the singularity problem, we first consider the scalaron potential without the matter contributions. From Eqs. (20) and (8), we obtain the scalaron potential in the Starobinsky model as a function of the Ricci curvature R. By using the Weyl transformation in Eq. (6), which gives the relation between the Ricci curvature R and scalaron field ϕ, we obtain the scalaron potential as a function of the scalaron field. The scalaron potential in the Starobinsky model is drawn in Fig. 2 , where the potential V (ϕ) is normalized by the factor V 0 = Rc 2κ 2 , and the parameters are chosen as n = 1 and β = 2. One can find that the potential has a minimum at κϕ min ∼ 0.1, and then, the minimum is evaluated as V (ϕ min ) ∼ 2Rc 2κ 2 . Recall that we expect R c ∼ Λ. Hence the minimum of the scalaron potential produces the effective cosmological constant V (ϕ min ) ∼ 2Λ 2κ 2 . Note also that ϕ = 0 corresponds to R = ∞; the Weyl transformation gives the relation between R and ϕ as follows,
Here, we used Eq. (21) because we work in the large-curvature limit.
Next, we add the contribution from the trace of energy-momentum tensor, −
, to discuss the effective potential of the scalaron as defined in Eq (14) . A sample plot of the effective potential is drawn in Fig. 3 . By taking account the matter contribution, for the positive energy density of matter, we find that the potential is lifted up, and the ϕ min becomes closer to zero. Here, one can see that the minimum of the effective potential is so shallow and the scalaron field at the minimum ϕ = ϕ min can smoothly go to zero, ϕ = 0.
This implies the drastic consequence that the curvature singularity is easily accessible because ϕ = 0 corresponds to R = ∞. This is called the singularity problem [10] , and it was suggested that viable F (R) gravity models with the infrared modification generally suffer from this problem.
We now consider the singularity problem from the viewpoint of scalaron mass. The matter effect becomes more eminent for the larger energy density in the effective potential, and the minimum of the potential becomes shallower. At the same time, the second derivative of the potential becomes exponentially large with respect to the energy density, which can be seen in the expression of the scalaron mass in Eq. (24). We can, therefore, interpret the extremely heavy scalaron as a byproduct of the singularity problem, and expect that the light, but not too light, scalaron in the high-density region would be realized if the singularity problem is resolved.
C. Starobinsky model with R 2 correction
In the previous subsection, we have seen the singularity problem in F (R) gravity in terms of the scalaron potential. In this subsection, we consider the prescription for the singularity problem. A well-known way to this problem is to add the higher curvature term [11] [12] [13] [14] [15] ; the problem arises in the large curvature region, thus, one naively expects that the singularity problem would be cured by improving the structure of the scalaron potential in the high energy regime. We know that the quantum corrections of gravity are written as the higher power of the curvature tensor. Since we are studying the F (R) gravity, the relevant higher-curvature correction is given by the following form:
In the large curvature limit R c < R, Eq. (35) becomes
Then the relation between R and ϕ through the Weyl transformation and and the behavior in the large curvature limit are given as
Compared with the original Starobinsky model in Eq. (20), we find that ϕ can take the positive value and the limit ϕ → ∞ is achieved when R → ∞.
Next, we study the scalaron potential in the Starobinsky model with R 2 correction described by the F (R) in Eq. (35). The scalaron potential V is depicted in Fig. 4 , where the for the large curvature (positive ϕ) region as we expected. Note that the potential in the large curvature limit is exactly the same as the one used in R 2 inflation scenario.
We also examine the effective potential of the scalaron. The effective potential is drawn in Fig. 5 . For the large energy density, the effective potential has the minimum in the large curvature region, and prevents the minimum from being shallow. Therefore, the singularity of the curvature is pushed away to infinity, which is not easily accessible. Thus the R 2 correction resolves the singularity problem in F (R) gravity while it does not make the infrared modification for the dark energy.
Finally, we discuss the scalaron mass in this model. The minimum of the potential satisfies the stationary condition, Note that this equation is the same as Eq. (22): namely, the R 2 term does not contribute to the location of the minimum in terms of R. Therefore, in the large curvature limit R c < R, one again finds
Accordingly, the scalaron mass follows Eq. (19), which is evaluated as
In a moderately large curvature region where R c < R < 1/α, the scalaron mass is expressed as follows:
This is the same as the well-known formula obtained in the R 2 inflation model. Thus the scalaron mass becomes constant and controlled by the parameter α in the large curvature region. We also note that, If we worked in an extremely large curvature limit where R > 1/α (and R > R c ), we could find
This implies that the scalaron mass decreases for such a very large curvature.situation. This is related to the fact that the very large energy density pushes the minimum of the potential up to be plateau.
We also comment on the value of κϕ at the minimum of the potential in the Starobinsky model with R 2 correction. As we have discussed in Sec. II D, the background value e This result implies that the expansion form in Eq. (29) is approximately valid and the upper bound for the scalaron mass in Eq. (33) in the original Starobinsky model is also applicable even when the R 2 correction term is included. We also note that the typical value of T µ µ yielding κϕ min ∼ 1 depends on the choice of the parameters. Throughout this subsection,
we have chosen the parameters as n = 1, β = 2, and α = 10 −6 /R c . Actually, one can see that κϕ min becomes smaller if smaller α is input. As we will discuss in the next section, the reference value α = 10 −6 /R c ∼ 10
] is much larger than that favored by some experimental constraints, so the realistic κϕ min is much smaller than O(1). We can thus expect that the background-value effect can safely be neglected in the early Universe with the realistic parameter choice for α.
IV. COSMIC HISTORY OF SCALARON
A. Time-evolution of the scalaron mass
In the previous section, we studied the properties of the scalaron potential and mass in the Starobinsky model with R 2 correction. We have found that the scalaron does not become too massive and the mass is given as m And, we also deduce a possible scenario of the cosmic history for the scalaron.
First, we recall the relation between the scalaron mass and the chameleon mechanism.
In the Starobinsky model with R 2 correction, the scalaron mass scales as almost constant in placed. Thus we cannot place the constraint on the parameter α from the limit derived in the constant mass approximation as in Eq. (33), which is valid only for the high dense region, i.e., the early Universe.
Next, we consider the situation in the current Universe. The energy density of matter decreases according to the cosmic evolution, and the scalaron becomes light at the late time.
Furthermore, if the environment is almost vacuum, the scalaron mass can be comparable to the dark energy scale. The oscillation of scalaron around the potential minimum induces the very light particles, just like the case of axion, and thus, the scalaron mass would naturally satisfy the upper bound m ϕ < O(1)[GeV] in Eq .(33). Therefore, we may deduce a natural scenario: the scalaron can be heavy in the early Universe but should be light, at least, in the current Universe. If the scalaron is naturally light, we may obtain the parameter region relevant to the dark energy problem.
In the following subsections, we will demonstrate that this scenario is indeed realized by explicitly evaluating a part of the cosmic history of the scalaron: in principle, we can calculate everything, given the input of all cosmic history, to know the time evolution of the scalaron mass. It is, however, not so easy to follow all time-evolution of the Universe. In the following subsections, we will focus on the scalaron properties only in the early and current Universe.
B. Environment in the early Universe
To closely study the scalaron potential, we need to evaluate the time-evolution of the energy-momentum tensor. In the present analysis, we assume that the standard model particles only contribute to the energy-momentum tensor and the trace of energy-momentum tensor T µ µ = −(ρ − 3p) can be approximated by the perfect fluid as done in [16] , where the pressure p is not negligible. After the short calculation, we find the following expression (for detail, see the Appendix A);
where the +(−) sign is applied to fermions (bosons) and g is the corresponding degrees of freedom. We have defined the variables x ≡ m T and y ≡ At the high temperature (x 1), we obtain the following expression in the relativistic limit:
One can find that the temperature-dependence of the trace of ρ − 3p is different from that of the energy density ρ; ρ − 3p ∝ m 2 T 2 although ρ ∝ T 4 in the relativistic limit. Note that the pressure is also proportional to the temperature to the fourth, p ∝ T 4 . Thus, the leading order terms (∝ T 4 ) for the energy density and pressure cancel each other, and the sub-leading term (∝ m 2 T 2 ) remains. We also note that ρ − 3p becomes exactly zero in the case of massless particles.
At the low temperature (x 1), we obtain the following expression in the non-relativistic limit:
This expression can be rewritten as follows:
where n is the number density defined as
C. Scalaron mass in the early Universe
In the previous subsection, we derived the analytic formulae for the trace of the energymomentum tensor for single species. In this subsection, we sum up all the contributions from the standard model particles including hadrons. The numerical result is shown in Fig. 7 . Here, we have assumed that the critical temperature at the QCD phase transition is T = 170 [MeV] , and have used the approximation formula for the energy density ρ,
with g * (T ), the effective degrees of freedom, taken from [17] . Note that we can ignore the massless particles, photon and gluon, in the calculation of the trace of energy-momentum tensor because the massless particles do not contribute although they contribute to the energy density. We also assumed to ignore the contribution from neutrinos because they are almost massless. The input parameters for the standard model particles are summarized in the Table. I. From Fig. 7 one can see that the trace of energy-momentum tensor (black line) is always smaller than the energy density (red dashed line), implying that the pressure is certainly not negligible. In the low-temperature region, the trace of energy-momentum tensor damps quickly because the massless particles do not contribute although their energy densities remain.
To compare ρ − 3p with ρ, we evaluate the ratio between these two quantities, which is shown in Fig. 8 . The peaks show up when the threshold condition m ∼ T is achieved. From the high-temperature side, the first peak corresponds to the net contribution of the threshold effects for top-quark, weak bosons, and Higgs; the second one for the charm and bottom quarks and tau; the third one below the QCD phase transition (T = 170 [MeV]) for the mu and pions; the final peak in the low-temperature region for the electron.
Finally, we study the time evolution of the scalaron mass by substituting the (ρ − 3p) displayed in Fig. 8 into the mass formula Eq. (40). The result is shown in Fig. 9 . original Starobinsky model, the scalaron becomes extremely heavy and the mass becomes even heavier than the Planck mass M pl ∼ 10 18 [GeV] . On the other hand, the scalaron mass is upper-bounded by including R 2 correction, and its upper limit is given as m ϕ ∼ α −1/2 , as estimated in Eq. (41). In Fig. 9 , the orange dot-dashed line corresponds to the case where the scalaron mass is on the order of the inflaton mass scale, while the blue dotted line is obtained from the observational limit [18, 19] . Thus we find that the scalaron in the early Universe is characterized and controlled by the parameter α, while the scalaron mass becomes even less than 1[GeV] where the temperature is below O(10) [keV] , where the Big Bang nucleosynthesis happened. This result indeed supports our naive expectation on the possible cosmic history for the scalaron as noted in the previous subsection: the scalaron can be heavy in the early Universe but should be light, at least, in the current Universe.
D. Scalaron production in thermal history
In the previous section, we have found that the scalaron mass behaves like almost constant in the early Universe, which strongly depends on the parameter α along with the R 2 correction. The value of the scalaron mass m ϕ (i.e., α) is of importance when one considers the production mechanism of the scalaron in thermal history. It should also be noted that the scalaron interactions with the standard-model thermal bath are highly suppressed by the Planck scale (see Eqs. (30)- (32)), so that the scalaron interactions can never be thermalized.
Nevertheless, the scalaron could non-thermally be produced as in the freeze-in scenarios [20] if the scalaron was moderately light in the early Universe. However, one can suspect that it is not an ordinary non-thermal production: because the scalaron dynamics have the close dependence on the thermal background made of the standard-model matters in the thermal history, one needs to solve the Boltzmann equation by taking into account the electroweak or QCD phase transitions, which would presumably be highly model-dependent and would practically be hard to address the estimate of the cosmic abundance.
Another possibility for the scalaron to accumulate the cosmic abundance is the nonthermal production via the coherent oscillation as in the case of axion-like dark matter. In that case, one needs to take the parameter α to be small enough (say α = 10 −27 [GeV −2 ] for m ϕ = 10 13 [GeV] as in Fig. 9 ), not to make the scalaron freeze-in in the early Universe. This possibility will be pursued closely in the next section. As it will turn out, this scenario is more intriguing than the freeze-in scenario, because one can address the coincidence problem between the dark energy and dark matter.
Before proceeding the discussion on the coherent oscillation, we here make some comments: actually, the validity of the approximation as the harmonic oscillation is not easily verified because the scalaron potential minimum moves in time, although we can, in principle, follow up the all time-evolution dynamics of the scalaron once some particle production mechanism (i.e., inflation models) are fixed. Instead of addressing such specific models, to be more generic, in the present study, we will parameterize the scalaron amplitude during the harmonic oscillation by introducing some undetermined factor (A), which actually controls the abundance today, in a way similar to the misalignment mechanism in the axion-like dark matter scenario. This uncertainty can be fed back to the model-dependence for inflation models addressing some particle production mechanism.
V. RELIC ABUNDANCE
A. Coincidence problem
In this subsection, we discuss the possibility to have the scalaron relic abundance today, which can be accumulated by the coherent oscillation mechanism. It is shown that the scalaron can naturally account for the cold dark matter abundance, as well as the dark energy density: the coincidence problem can be solved.
As long as the lifetime is longer than the age of Universe as in Eq. (33), the scalaron is present today as a stable particle. The particle picture arises from fluctuating around the minimum of the potential V (ϕ) by the shift ϕ → ϕ min + ϕ, and its dynamics can be described by the equation of motion:
with the dissipative term due to the Hubble parameter H 0 at present time.
We assume that the size of the fluctuation is sufficiently smaller than the Planck scale, ϕ M pl . In that case the harmonic term dominates in the potential, so one can approximate the equation of motion to find the damping harmonic oscillation,
In terms of the scalaron energy density ρ ϕ = 
where we have used H 0 ∼ 2×10 −33 [eV] . Note that this limit is consistent with the constraint on the lifetime in Eq. (33).
The energy density as the scalaron dark matter, averaged over the single period of the harmonic oscillation, is then evaluated as
with the amplitude ϕ 0 . Combined with the potential energy at the minimum, which is nothing but the dark energy (V (ϕ min ) = (ρ ϕ ) DE ), the total energy is then given by the sum of two:
where
One may assume that the scalaron fully explains the cold-dark matter component today, i.e.
so as to take the numerical relation for observed amounts, (ρ ϕ ) DM 3/7(ρ ϕ ) DE . Then one evaluates the amplitude of the harmonic oscillation, ϕ 0 in Eq. (52) as
Furthermore, one may scale out the amplitude by the Planck mass scale M pl with a coefficient
A like ϕ 0 = AM pl , where we take A 1 consistently with the approximation of the harmonic oscillation for the scalaron dynamics today. From Eq. (56) the scalaron mass can then be expressed as
By taking into account the harmonic oscillation condition in Eq. (51), the factor A in Eq. (57) is now constrained to be
where we used Λ ∼ 4 × 10 −66 [eV 2 ]. This condition is indeed consistent with the harmonic oscillation approximation and can be rephrased as the constraint on some initial condition for particle production mechanism in modeling inflation scenarios.
Thus, the scalaron can naturally account for both the dark energy and dark matter without ad hoc tuning of parameters: scalaron gives a possible solution to the coincidence problem!
B. Scalaron in galaxies
Finally, in this subsection, we discuss the concrete example for the properties of the scalaron in the current Universe. As an example, we consider the situation in the galaxy where the typical energy density of the galaxy under the dust approximation is given by 
We now discuss the scalaron mass in the galaxy. Apparently, the scalaron mass in Eq. (59) is very small and naturally satisfies the mass bound m ϕ < O(1) [GeV] for the ultralight axion which solves the core cusp problem of the galaxies [22] . The bound for the axion as a self-interacting dark matter would be applicable also to the scalaron. .
It would be a salient result that the ultralight "scalaron" possibly solves the cusp problem in the galaxy, although the input parameter in F (R) gravity model has nothing to do with this problem.
VI. CONCLUSION AND DISCUSSION
In this paper, we have discussed the new scalar field, the scalaron, introduced from the modification of gravity through the Weyl transformation. We have assumed that the oscillation around the potential minimum of the scalaron can be interpreted as the dark matter, while the potential energy gives the dark energy.
In the first part of this paper, we revisited our previous work and refined the upper bound for the scalaron mass. We assumed that the decay process of the scalaron to two photons is dominated at the late-time, and we obtained the upper bound for the scalaron mass m ϕ < O(1) [GeV] . We also discussed the scalaron mass in the Starobinsky model with R 2 correction. In our previous work, we had found that the scalaron mass becomes too large in the original Starobinsky model, even larger than the Planck Mass. And then, the parameter in the Starobinsky model was tightly constrained, and such a parameter region was irrelevant to the dark energy problem. We found that the above problem can be related to the singularity problem in F (R) gravity, and added the R 2 term in the action to cure this problem. We also found that the scalaron mass is controllable to be smaller than the Planck scale, due to the R 2 term.
In the second part, we evaluated the time-evolution of the scalaron mass in the Universe, especially, in the early and current Universe. To take into account the chameleon mechanism,
we have constructed the energy-momentum tensor composed by the standard model particles to reproduce the environment in the early Universe. By using the time-evolution of the trace of energy-momentum tensor, we discussed the cosmic history of the scalaron mass, and confirmed that the scalaron mass becomes smaller and smaller according to the chameleon mechanism. We addressed possible production mechanisms of the scalaron in the thermal history, and especially studied the non-thermal production. Then, we discussed the relic abundance as dark matter. We found that the relic energy density as the dark matter is naturally comparable to that as the dark energy if the approximation of the harmonic oscillation around the potential minimum is valid. Finally, we studied the concrete example of the environment in the current Universe. We calculated the scalaron mass in the galaxy, and then found that the scalaron is very light m ϕ ∼ 10 −24 [eV], comparable to the ultralight axion dark matter. Thus, we can conclude that the F (R) gravity can explain the dark matter and dark energy.
In closing, we give several comments. We have shown that the coincidence problem would be addressed as long as the harmonic oscillation approximation of the scalaron is valid.
However, we did not predict the numerical value of the energy density as dark matter, rather input the observed value. It is possible in principle, but technically difficult to calculate the amplitude A of the oscillation in the current Universe because we need to reproduce the time evolution of comic environment. If we should calculate the time evolution of the scalaron potential, we could compute the amplitude of the oscillation and evaluate the relic abundance of the scalaron dark matter.
Regarding the validity of the harmonic oscillation of the scalaron, the contribution from the standard model particles to the effective potential is important so as to make the potential lifted up to have the minimum. This is closely related to the particle production scenario. If we additionally introduce the inflaton field for the inflation, the scalaron couples with the inflaton, and the scalaron potential would be lifted up as desired. It is even interesting to study the case that the R 2 correction can be regarded as R 2 inflation. In that case, we could unify all cosmic history in terms of the F (R) gravity. However, we need to discuss the compatibility with the particle production. In the standard particle production scenario, the inflaton decays and produces the standard model particles during the oscillation at the potential minimum. In contrast, the scalaron potential does not have the minimum without matters in the Starobinsky model with R 2 correction. Thus, the naive reheating scenario is not applicable if the scalaron also plays a role of the inflaton. We then need to invoke the preheating scenario or beyond-standard-model particles.
As to the phenomenology of the scalaron dark matter, it is necessary to distinguish the scalaron from other dark matter candidates, especially, axion-like particles. Of importance is to notice that the scalaron has the chameleon mechanism. For example, the scalaron would be heavy in the atmosphere of the Earth although the scalaron is light in the interstellar environment as we discussed in this paper. Therefore, such a chameleonic particle would be observed by analyzing the difference of the experimental data from the different experimental environments. Tests for the chameleon mechanism also gives us the constraint on the scalaron dark matter, and then, we possibly obtain the two independent ways to search the scalaron dark matter. About indirect detection, heavy scalaron could be observed in the decay to the photons. If it occurs at galactic center where the energy density is very large, the heavy scalaron decays to energetic photons, and emitted photons should be observed in the cosmic ray. It is also quite interesting to apply the chameleonic particle for other fields of particles physics, as discussed in [23] . In this appendix, we show the detailed calculation to derive the analytic form of ρ − 3p.
At the high temperature, we take the limit x 1, and then the integral in Eq. (43) 
For bosons, we use the following formula: 
where ζ(2) = π 2 6
. For fermions, we have 
Hence, we obtain the following expression in the relativistic limit: 
At the low temperature, we take the limit x 1, and then the integral in Eq. (43) 
Here, we use the following formula: 
Thus, the integral is given by 
We then obtain the following expression in the non-relativistic limit: 
